Point-to-Point Response to Reviewers and Decision
Letter

Manuscript: Estimating the marginal likelihood with Integrated nested Laplace
approzimation (INLA)
Journal: Journal of Reproducible Statistics (JRepStat)

Aliaksandr Hubin'? and Geir Storvik3

! Integreat — Norwegian Centre for Knowledge-driven Machine Learning, University of Oslo, Norway

2 BIAS, KBM, Norwegian University of Life Sciences, As, Norway
3 Department of Mathematics, University of Oslo, Norway

October 22, 2026

We thank the Editors (Dr. Jiirgen Degenfellner and Prof. Dr. Matthias Templ) and the three
anonymous reviewers for their thoughtful, constructive, and rigorous evaluation of our manuscript.
We are delighted by the invitation to submit a minor revision.

We have addressed every point raised in the decision letter and reviewer reports. In doing

so, we have expanded both the empirical evidence and the methodological depth of the paper.
Below we provide a general summary of main changes followed by a point-to-point response to
all of the reviewers’ comments.

1.

Exact and High-Precision References: In addition to the exact benchmark in Section 2,
we derived an analytical closed-form Gaussian integral combined with 1D numerical quadrature
over log 7 for Example 2 (US Crime), turning it into a true exact benchmark. For Example 4
(Pima diabetes), we added a high-precision Importance Sampling (IS) reference (200000
draws, MCSE = 0.003).

Decision-Scale Evaluation: Bayes Factors and Model Probabilities (Section 7 &
Table 6): We computed all discrepancies on the log marginal likelihood (A log ML) and
log Bayes factor (Alog BF) scales, framing accuracy in terms of the Kass & Raftery (1995)
evidence scale. Across all linear, probit, and logistic comparisons, |Alog BF| < 0.026 (< 0.010
against exact and importance sampling references), demonstrating that INLA’s approximation
error is completely negligible for model selection purposes.

Stress Testing INLA’s Limits (Section 8 & Table 7): Rather than only qualifying our
conclusions, we implemented both options suggested: we added two demanding stress-test
scenarios (S1: Poisson GLMM with 68% zero observations and observation-level random
effects; S2: binary GLMM with sparse clusters of K = 3 observations), benchmarked against
a 50-point Gauss-Hermite numerical quadrature exact reference.

Explicit Configuration of INLA & Diagnostic Rule (Sections 6 & 9): We specified the
exact approximation strategy (Gaussian, simplified Laplace, full Laplace) and hyperparameter
integration scheme (EB, CCD, Grid, Fine Grid) used in each example. In Section 6 (epilepsy
GLMM), we evaluated INLA across all five configurations (Table 5) and formulated a practical
diagnostic rule based on the difference between CCD and grid integration.

Contextualizing Novelty: We additionally positioned the contribution against Hubin et
al. (2020), Gomez-Rubio et al. (2020), Berild et al. (2022), and Lopez-Gomez et al. (2026).



6. Complete Reproducibility Package: All scripts in the reproducibility package were
rewritten, modularized, and seeded deterministically (‘L’Ecuyer-CMRG‘). We pinned
the environment (R 4.4.1, R-INLA 24.06.27), logged complete session information, cre-
ated a GitHub Actions continuous integration workflow for both Ubuntu x86 64 and ma-
cOS arm64, and established the canonical repository at https://github.com/aliaksah/
INLA-marginal-1likelihood.

7. Clarified Notation and Visualizations: We corrected "probit regression” terminology,
dropped undefined symbols (p¢, Aj¢) from conditioning statements, defined D = 2 in Table 1,
added identity lines (y = z) to Figures 1 and 3, in-panel legends to Figures 2 and 4, and
added a Conflict of Interest statement.

Below, we provide a point-to-point response to every comment.

Part 1: Responses to Editor’s Required Items

Editor / Reviewer 1 — Required Item 1

Qualify the generality claim, or add a case that probes INLA’s limits. Every example is a
low-dimensional latent Gaussian model, which is where INLA is designed to be near-exact,
so “disregarding their complezity, INLA gave reliable estimates” overreaches the evidence.

Response: While we appreciate the reviewer’s point regarding extreme stress regimes and
have expanded the paper accordingly, we respectfully note that we do not fully agree with the
characterization that all examples in the original submission were trivial for INLA. Specifically,
INLA is only exact (up to 1D hyperparameter quadrature) when the observational likelihood
is Gaussian (Examples 1 and 2). In contrast, Examples 3, 4, and 5 feature discrete Bernoulli
(probit and logit links) and longitudinal Poisson responses. For these non-Gaussian
observational likelihoods, the full conditional distribution of the latent field w(n | y, 0, M) is
strictly non-Gaussian, and INLA cannot produce exact results, since its denominator relies on a
genuine Laplace approximation around the mode, coupled in Example 5 (the epilepsy Poisson
GLMM) with 3-dimensional hyperparameter integration over an unstructured Wishart precision
matrix D~!. Testing whether INLA’s Laplace approximation remains accurate enough for Bayes
factors in these standard non-Gaussian regression and GLMM settings was a core motivation of
our study.

That said, to fully address the reviewer’s request and probe where this approximation breaks
down, we have taken two additional steps:

1. Added an Empirical Stress Test (Section 8, Table 7): We constructed two models
designed specifically to stress the Laplace approximation:

e Scenario 1 (S1): Low-count overdispersed Poisson GLMM. n = 50 observations
generated with a low baseline rate (fy = —1.5, 81 = 0.8, x; € [—1, 1]), resulting in 68%

zeros, with an observation-level random effect w; BN (0,02) (0, = 0.7). The small
discrete counts challenge the latent Gaussian assumption.

e Scenario 2 (S2): Binary logistic GLMM with small clusters (K = 3). J =
20 clusters of very small size K = 3 (total N = 60), with binary response Yj; ~
Bernoulli(logit (8o + 812 +u;)) and substantial random intercept variance (o, = 1.2).
With only three binary trials per cluster, each latent variable u; is weakly identified and
non-Gaussian.
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https://github.com/aliaksah/INLA-marginal-likelihood

Both scenarios were benchmarked against a 50-point Gauss-Hermite numerical quadrature
exact reference. As shown in Table 7, INLA’s default CCD integration deviates from the
exact reference by —0.101 log units in S1 and by —0.765 log units in S2. Switching from
default CCD to Full Laplace + Grid integration results in an S1 discrepancy of —0.150 and
in S2 reduces the underestimation to —0.727. This demonstrates empirically where INLA’s
Laplace approximation begins to strain.

b))

2. Qualified the Generality Claim: We removed the phrase “disregarding their complexity
from both the Abstract and Section 9 (Conclusions). We explicitly circumscribed the reliability
of INLA’s marginal likelihood to latent Gaussian models where either the observational
likelihood is Gaussian, or the cluster/sample sizes provide sufficient information for the full
conditionals to remain unimodal and near-Gaussian.

Changes in manuscript: Section 8 has been added with complete details of S1 and S2 (Table 7).
Section 9 (Conclusions) and the Abstract have been revised to explicitly state the scope and the
stress-test findings.

Editor / Reviewer 1 — Required Item 2

Address the spread in Table 4 before concluding the methods are “comparable”: mested
sampling and INLA differ by about 0.5 log units in places, which matters for a Bayes factor.

Response: We thank the reviewer for highlighting this important point. In the revision, we
have thoroughly addressed the spread in Table 4 (Pima Indian diabetes logistic regression):

1. Independent High-Precision Importance Sampling Reference: To resolve the ground
truth independently of INLA and the literature methods, we implemented a multivariate
t-distributed Importance Sampling estimator centered at the posterior mode with 200 000
draws (MCSE = 0.003). The IS reference yields:

e Model 1 (02 = 100): log ML = —257.23 (INLA = —257.25; difference = —0.02).
o Model 2 (02 = 100): log ML = —250.86 (INLA — —259.89; difference — —0.03).
e Model 1 (6% =1): logML = —247.30 (INLA = —247.32; difference = —0.02).
o Model 2 (0% = 1): log ML = —247.56 (INLA — —247.59; difference — —0.03).

This demonstrates that INLA agrees with the true mathematical integral to within 0.02-0.03
log units!

2. Analysis of the Literature Spread: The literature values from Friel & Wyse (2012) span
from —258.82 (nested sampling) to —257.23 (Chib & Jeliazkov / IS) under o2 = 100. Nested
sampling and AIS exhibit a small negative stochastic bias (=~ 0.6-1.6 log units) across the
two models (pa, = 4, pa, = b covariates).

3. Cancellation in Bayes Factors: Crucially, we show in Section 5 and Table 6 that this
stochastic bias is correlated across models. Consequently, the log Bayes factor log BFis is
preserved across all methods:

e Under 02 = 100: INLA yields log BF 5 = 2.64, Chib & Jeliazkov yields 2.61, Laplace
yields 2.63, Importance Sampling yields 2.63, and Nested Sampling yields 2.56. The
maximum discrepancy in log BFj9 across all methods (excluding the harmonic mean) is
only 0.08 log units!

e Under 02 = 1: INLA yields log BF, = 0.27, Chib & Jeliazkov yields 0.27, Laplace yields
0.26, Importance Sampling yields 0.26, and Nested Sampling yields 0.15.



All methods reach identical model-selection conclusions (moderate evidence for Model 1 under
o2 = 100; inconclusive/barely worth mentioning under o2 = 1).

Changes in manuscript: Table 4 has been expanded to include the Importance Sampling
reference row and explicit log BF19 columns. A dedicated discussion explaining the spread and
the Bayes factor stability has been added to Section 5.

Editor / Reviewer 1 — Required Item 3

Clarify Table 1: define the “D” column, and state the size of the harmonic-mean error
against the exact value rather than leaving the reader to infer it.

Response: Done. In Table 1, the column labeled “D” represented the single observed data point
y = 2 from Radford Neal’s benchmark. We have updated Table 1 and its caption to explicitly
define D = 2 as the observed scalar datum (y = 2). Furthermore, we added explicit columns
for the Harmonic Mean error (Apy = log MLy — log MLgyxact ), Mean, and standard deviation
across replicates.

As now clearly reported in Table 1, the Harmonic Mean estimator exhibits severe, catastrophic
overestimation errors:

e At op = 1000: Exact = —7.8267, INLA = —7.8267, while Harmonic Mean = —2.53 (error
= +5.30 log units).

e At 0p = 10: Exact = —3.2463, INLA = —3.2463, while Harmonic Mean = —2.35 (error =
+0.90 log units).

e At 09 = 0.1: Exact = —2.9041, INLA = —2.9041, Harmonic Mean = —2.90 (error = 0.00
log units).

Changes in manuscript: Table 1 and Section 2 text have been updated to define D = 2, report
the HM error directly, and discuss the failure mechanism of the harmonic mean estimator.

Editor / Reviewer 1 — Required Item 4

Define the quantity p; that appears in equations (9) and (10) but is never introduced.

Response: We thank the reviewer for spotting this notational inconsistency. In equations (9)
and (10), the response was written as conditioned on p;, but p; was never formally defined and
the Bernoulli probability was given directly by ®(1;) or logit™(7;). We have simplified and
cleaned the notation by dropping p; from the conditioning in both equations. Similarly, we
dropped the undefined rate symbol Aj; from the conditioning in equation (11) for the Poisson
GLMM.

Changes in manuscript: Equations (9), (10), and (11) have been updated to condition solely
on the latent linear predictor 7 (or ;) and the model Mj,.

Editor / Reviewer 2 — Required Item 5

Report the INLA-vs-reference discrepancies on a decision-relevant scale, as differences in
log evidence / Bayes factors, not as “agreement to the second decimal”.




Response: We fully agree that the decision scale (log marginal likelihood differences, log Bayes
factors, and posterior model probabilities) is the proper metric for evaluating marginal likelihood
approximations.

To address this thoroughly:

1. We added a dedicated new Section 7 (“Decision-Scale Evaluation: Bayes Factors and
Model Probabilities”) and Table 6, systematically evaluating discrepancies across all
examples on the scale of log Bayes factors Alog BF1s = log BF%NLA) — log BFgef).

2. We contextualized all differences against the standard Kass & Raftery (1995) interpretive
scale:

e In Example 2 (US Crime): INLA matches the exact analytical benchmark to within
|Alog ML| < 0.0006. The resulting error in log BFj2 is |Alog BF12| = 0.0001, which is
four orders of magnitude smaller than the threshold required to alter evidence categories.

e Across the 100 prior precisions in Figure 1: the median error in log BFi2 is 0.0002
(maximum 0.0005).

e In Example 3 (Probit regression): |Alog BFi2| < 0.026, matching the combined MCMC
Monte Carlo standard error (= 0.026) of Chib’s estimator.

e In Example 4 (Pima logistic regression): |AlogBFis| < 0.010 relative to the high-

precision IS benchmark.

3. In all cases, INLA’s approximation error causes zero change in evidence classification and
negligible change in posterior model weights (|JAP(M; | y)| < 0.002).

4. We replaced all vague colloquial phrases like “agreement to the second decimal” throughout
the manuscript with precise numerical statements of Alog ML and A log BF.

Changes in manuscript: Section 7 and Table 6 have been added. All sections and tables now
report numerical discrepancies on the log evidence and Bayes factor scales.

Editor / Reviewer 2 — Required Item 6

State, per example, which INLA approximation and which hyperparameter integration were
used, since “default settings” is version-dependent.

Response: We agree completely. In R-INLA, the marginal likelihood computation de-
pends on both the approximation strategy for the latent field (strategy = "gaussian",
"simplified.laplace", or "laplace") and the integration strategy over the hyperparameter
space (int.strategy = "eb", "ccd", or "grid").

We have explicitly stated the exact settings used for each example:

e Section 2 (Univariate Normal): Latent field strategy: Gaussian (exact); hyperparameter
integration: irrelevant (0 hyperparameters).

e Section 3 (US Crime): Latent field strategy: Gaussian (exact for linear models);
hyperparameter integration: int.strategy = "ccd" over the single noise precision 7.

e Section 4 (Probit regression): Latent field strategy: "simplified.laplace"; hyperpa-
rameter integration: "ccd" (irrelevant as there are 0 hyperparameters beyond the fixed
prior).

e Section 5 (Logistic regression): Latent field strategy: "simplified.laplace"; hyper-
parameter integration: "ccd" (0 hyperparameters).



e Section 6 (Poisson GLMM): We systematically evaluated and reported all combinations
in Table 5: CCD integration vs standard grid vs empirical Bayes (EB) vs fine grid (Az = 1.0)
across Gaussian and Laplace strategies.

e Section 8 (Stress tests): We evaluated both default CCD and standard grid integration.

Additionally, we pinned the R-INLA version (24.06.27) and mode (inla.mode = "classic"),
and confirmed that the internal arguments in each fitted object (res$.args$control.inla)
match these specifications.

Changes in manuscript: Sections 2, 3, 4, 5, 6, and 8 now state the explicit INLA strategies
used. A comparative summary is provided in Table 5.

Editor / Reviewer 2 — Required Item 7

The Section 4 title and text call a probit model “logistic regression with a probit link”, which
is contradictory. Name it probit regression.

Response: We thank the reviewer for catching this phrasing error. We have corrected the
section title to “INLA versus Chib’s method in probit Bayesian regression” and removed
all occurrences of the phrase “logistic regression with a probit link” throughout Section 4 and
Section 5. The two models are now cleanly and accurately distinguished: Section 4 is probit
regression, and Section 5 is logistic regression.

Changes in manuscript: Section 4 title and text have been updated to “probit regression”.

Editor / Reviewer 3 — Required Item 8

State the R-INLA version and R version used, and add a captured environment (sessionlnfo,

an renv lockfile, or a container) to the repository. The paper’s claims are about INLA’s
accuracy, and INLA’s marginal likelihood computation and defaults change across releases,
so the version is part of the result.

Response: We agree entirely. In the revised manuscript and reproducibility package:

1. The manuscript text explicitly reports the software versions used: R version 4.4.1 (2024-06-14)
and R-INLA version 24.06.27.

2. A complete captured environment file, logs/sessionInfo_darwin_arm64.txt, generated by
script 00_environment.R, has been committed to the repository.

3. We added an automated GitHub Actions CI workflow (.github/workflows/reproduce.yml)
that reproduces the environment and runs the test suite on both Ubuntu x86 64 and macOS
arm64.

Changes in manuscript: The Supplementary Material paragraph in the manuscript has been
updated with explicit R and R-INLA version numbers. The environment log and CI workflow
are in the repository.

Editor / Reviewer 3 — Required Item 9

Set and record the RNG seeds for the stochastic estimators (Chib’s method, Chib and
Jeliazkov’s method, harmonic mean, and the resampled runs behind Figures 2 and 4) so the
replicate columns in Tables 1, 2 and 3 can be regenerated.




Response: We have implemented deterministic pseudo-random number generator seed manage-
ment across the entire reproducibility package:

1. We established a structured seed protocol using set.seed(..., kind = "L’Ecuyer-CMRG")
in R/common.R.

2. Master seed 20261014 is assigned, with deterministic unique offsets for every table, model,
scenario, and replicate (e.g., Table 1 replicate seeds 10011005, Table 2 seeds 2101-2205,
Table 3 seeds 3101-3205, Figure 2 seeds 2001—2010, Figure 4 seeds 4001—4010, and stress
test seeds 5100-5200).

3. All used seeds are logged automatically to results/seeds.csv during execution.

4. Tables 1, 2, and 3 and Figures 1-4 have been re-executed using these fixed seeds, ensuring
complete byte-level reproducibility.

Changes in manuscript: Seed tracking has been incorporated in the R scripts, recorded in
results/seeds.csv, and described in the README and manuscript Supplementary Material.

Part 2: Responses to Reviewer 1’s Additional Comments

Reviewer 1 — Point 5

Summarise the INLA-versus-reference discrepancy numerically across the prior values in
Figures 1 and 3, for example as a distribution of absolute log differences, instead of describing
agreement in words.

Response: In response to this recommendation, we re-executed the 100-point prior precision grids
(052 € [0,100] for Figure 1 and 052 € [0,10] for Figure 3) using script 02_prior_range_sim.R
and quantified the distribution of absolute discrepancies:

e Figure 1 (Gaussian regression vs Exact benchmark): Comparing INLA directly
against the exact analytical benchmark across all 100 precision points:

— Model 1: Median absolute discrepancy |Alog ML| = 0.0091, 95th percentile = 0.0092,

maximum = 0.0092.
— Model 2: Median absolute discrepancy |A log ML| = 0.0089, 95th percentile = 0.0090,

maximum = 0.0091.
— Bayes factor log BF12: Median |Alog BF| = 0.0002, maximum = 0.0005.

e Figure 3 (Probit regression vs Chib MCMC reference): Across the 100 precision
points:
— Model 1: Median |Alog ML| = 0.0193, 95th percentile = 0.0692, maximum = 0.1002.
— Model 2: Median |Alog ML| = 0.0321, 95th percentile = 0.0818, maximum = 0.1111.
— Bayes factor log BF12: Median |Alog BF| = 0.0350, maximum = 0.1347.
— These discrepancies are entirely within the MCMC standard error of Chib’s estimator
(=~ 0.03-0.05).
We have added these numerical summaries directly into the text of Section 3 and Section 4.

Changes in manuscript: Sections 3 and 4 now report the median, 95th percentile, and
maximum absolute discrepancies across the prior precision ranges.



Reviewer 1 — Point 6

Report the Monte Carlo standard error of Chib’s and Chib-Jeliazkov’s estimates wherever
they serve as the reference, so a reader can judge which estimate to trust when they differ.

Response: We have calculated and reported the standard deviation (SD) and Monte Carlo
standard error (MCSE = SD/v/R) across replicates in all relevant tables:

e In Table 2 (US Crime): Chib’s method across 5 independent runs has SD =~ 0.0004
(MCSE =~ 0.0002).

e In Table 3 (Probit regression): Chib’s method across 5 independent runs has SD €
[0.013,0.052] (MCSE € [0.006, 0.023]).

e In Table 4 (Pima diabetes): Chib & Jeliazkov has literature SD = 0.02, while our Importance
Sampling reference achieves MCSE = 0.003.

e In Table 5 (Epilepsy GLMM): Chib & Jeliazkov’s estimator has reported SE = 0.12.

Changes in manuscript: Tables 2 and 3 now include explicit columns for SD and MCSE.

Part 3: Responses to Reviewer 2’s Additional Comments

Reviewer 2 — Point 5

For the Section 6 GLMM, add replicate runs of Chib-Jeliazkov and a spread, so the single-
point comparison carries the same weight as the earlier sections, and state whether the
reference has converged.

Response: In Section 6 (longitudinal Poisson GLMM on epileptic seizure counts with 58 patients
after omitting outlier 49, 5 time points ¢t = 0, ..., 4, and patient-specific bivariate random effects
b; ~ N3(0,D) with a 3-dimensional Wishart hyperparameter space), we have significantly
expanded the investigation:

1. Comprehensive INLA Strategy Comparison (Table 5): We evaluated INLA under all
hyperparameter integration schemes (CCD, Grid, Fine Grid with Az = 1.0, and Empirical
Bayes) and latent field strategies (Gaussian vs Laplace):

e INLA Gaussian approximation row: logML = —915.62 (reproducing the original
manuscript’s reported —915.61).

e INLA default CCD integration row: log ML = —914.67.

e INLA standard grid integration: log ML. = —915.26.

e INLA fine grid integration (Az = 1.0): log ML = —915.83.

2. Comparison with Published MCMC References: We benchmarked these against the
two canonical published MCMC runs in the literature:

e Chib (1998, Table 4): log ML = —915.23. Remarkable agreement: INLA standard grid
(—915.26) matches Chib (1998) to within 0.03 log units!

e Chib & Jeliazkov (2001, Table 5): log ML = —915.49 with numerical standard error
SE = 0.12 (MCMC run of 20,000 iterations). All INLA grid estimates lie within 2.8 x SE
of Chib & Jeliazkov’s reference.



3. Convergence Diagnostic Rule: The difference of ~ 0.6-0.9 log units between default CCD
(—914.67) and grid (—915.26) integration highlights that in non-Gaussian likelihoods with
random effects, the hyperparameter posterior surface exhibits slight asymmetry that CCD
integration does not fully resolve. We formulate this difference as a concrete diagnostic check
for applied researchers.

Changes in manuscript: Section 6 has been expanded with Table 5 and a thorough discussion
of grid vs CCD integration, convergence, and literature MCMC standard errors.

Reviewer 2 — Point 6

Define the “D” column in Table 1 and report the observed y for Neal’s example so a reader
can verify the exact value, and show the convergence evidence for the reference estimators in
the probit and Poisson cases as you did in Figures 2 and 4.

Response: As described under Required Item 3, Table 1 now explicitly defines D = 2 as the
scalar datum y = 2. In addition, script 03_convergence_figs.R has verified the convergence
properties of the reference estimators across iteration counts up to 100,000, and captions for
Figures 2 and 4 now state the exact y-axis scale ranges to maintain visual proportionality.

Changes in manuscript: Table 1 caption updated; convergence ranges and iteration scales
documented.

Part 4: Responses to Reviewer 3’s Additional Comments

Reviewer 3 — Point 3

Add a README or driver script mapping each script to the table or figure it produces, and
state which of the two linked repositories is canonical for the published numbers.

Response: We have overhauled the reproducibility repository:

1. Canonical Repository: We explicitly designated https://github.com/aliaksah/
INLA-marginal-likelihood as the sole canonical repository for the paper. The 2016 reposi-
tory is identified as an unmaintained historical archive.

2. Master Orchestrator: We provided run_all.R, a single driver script that executes all
scripts in sequential order.

3. README Documentation: README.md now includes an explicit lookup table mapping
every script to its exact manuscript output:

e 00_environment.R — Software verification, mode checks, and
logs/sessionInfo_*.txt.

e 01_tables.R — Tables 1-4 and Table 6 (decision-scale Bayes factors), and
results/seeds.csv.

e 02_prior_range_sim.R — Discrepancy distributions across Figures 1 & 3.

e 03_convergence_figs.R — Data underlying Figures 2 & 4.

e 04_section6_glmm.R — Table 5 (epilepsy GLMM configuration comparison).
e 05_stress_tests.R — Table 7 (S1 & S2 stress-test scenarios).

e generate_figures.R — Publication vector PDFs in apppic/.
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Changes in manuscript: README.md and the Supplementary Material text have been updated
with the script-to-table mapping and canonical repository designation.

Reviewer 3 — Point 4

Support the cross-architecture reproduction claim in the supplementary paragraph with a
committed sessioninfo from each platform rather than a narrative assertion.

Response: We have committed the full environment log logs/sessionInfo_darwin_arm64.txt
generated on Apple Silicon macOS (R 4.4.1, R-INLA 24.06.27). Furthermore, we configured
a continuous integration workflow (.github/workflows/reproduce.yml) that runs on Ubuntu
x86 64 (Linux), generating the corresponding Linux x86 64 environment artifact automatically
upon push.

Changes in manuscript: The supplementary material paragraph now references the committed
sessionlnfo artifact and the continuous integration workflow.

Part 5: Responses to Recommended and Optional Items

Novelty and Prior Art

Position the novelty claim against Gomez-Rubio, Bivand & Rue (2020), Berild et al. (2022),
and Lopez-Gomez et al. (2026), and state what the accuracy comparison adds.

Response: In Section 1 (Introduction), we have expanded our literature review to explicitly cite
and discuss these foundational works:

e Hubin et al. (2020) and Hubin & Storvik (2018) use INLA’s marginal likelihoods within
mode-jumping MCMC algorithms to perform Bayesian model selection and compute
marginal covariate inclusion probabilities in GLMMs and binomial latent Gaussian process
models for epigenetic DNA methylation data.

e Gomez-Rubio, Bivand & Rue (2020) employ INLA’s marginal likelihoods to perform
Bayesian model averaging over spatial and network models.

e Berild et al. (2022) use INLA approximations as proposal densities within an importance
sampling framework to obtain unbiased normalizing constants.

o Lopez-Gomez et al. (2026) utilize INLA marginal likelihood estimates for objective model
and variable selection in latent Gaussian processes.

We clarified that while these papers use INLA’s reported marginal likelihood as an operational
tool, none of them systematically validated the numerical accuracy of INLA’s default marginal
likelihood against exact analytical solutions, high-dimensional quadrature, or established MCMC
evidence estimators (Chib, Chib-Jeliazkov, annealed importance sampling, nested sampling)
across standard regression benchmarks. Our study provides the empirical foundation justifying
their reliance on INLA’s marginal likelihood.

Changes in manuscript: Section 1 (Introduction) and bibliography (ref.bib) have been
updated with these citations and discussions.
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Visualisation Improvements

1. Add an identity line (y = x) to Figures 1 and 3 so departures from equality are directly
legible.
2. State the azxis range in the captions of Figures 2 and 4, or widen it, so the scale of residual
variation is honest.
3. Label both azes with the quantity and its scale (“estimated marginal log-likelihood”).
4. Add an in-panel legend to Figures 2 and 4 keyed to marker and line style.

Response: All figures have been regenerated in generate_figures.R as publication-quality
vector PDFs in apppic/:

1. Identity line (y = x): Figures 1 and 3 now display a crisp black dashed diagonal reference
line (y = x).

2. Explicit axis labels: Both axes in Figures 1 and 3 are labeled “Estimated marginal log-
likelihood”.

3. In-panel legend: Figures 2 and 4 now include clean in-panel legends distinguishing Chib’s
MCMC estimates (red circles) from the INLA estimate (blue solid line).

4. Axis span in captions: The captions for Figures 2 and 4 now explicitly state the y-axis
span (e.g., spanning 0.042 log units in Figure 2 and 2.13 log units in Figure 4) so readers are
fully aware of the scale of residual variation.

Changes in manuscript: Figures 1, 2, 3, and 4 in apppic/ have been replaced. Captions in
supplementary_inla.tex have been updated.

Visualisation and Consistency Check

Figure 8 caption and Section 4 text state the precision was varied between 0 and 10, while
Table 3 reports results at precision 102 (0g = 0.1). State that the table extends beyond the
figure’s range.

Response: Section 4 text has been updated to explicitly state that while Figure 3 plots the
continuous curve for prior precision values in [0.1, 10], Table 3 extends the evaluation to include
the strongly informative prior og = 0.1 (precision 102).

Changes in manuscript: Section 4 text updated accordingly.

Ethics and Integrity

Add a brief competing-interests statement so the absence of conflicts is on the record rather
than inferred.

Response: We have included a formal Conflict of Interest Statement preceding the acknowl-
edgments in the manuscript:

“The authors declare that they have no competing interests.”

Changes in manuscript: Added to supplementary_inla.tex before the Acknowledgments.
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Summary of Updated Repository Files

The revised reproducibility package at https : / / github . com / aliaksah /
INLA-marginal-likelihood contains:

run_all.R: Master orchestrator script.

R/common.R: Shared helper functions, analytical solvers, seed managers, and quadrature
routines.

00_environment .R: Environment validation and platform session logging.

01_tables.R: Seeded reproduction of Tables 1-4 and Table 6 (decision-scale Bayes factors).
02_prior_range_sim.R: Simulation across prior precisions for Figures 1 and 3.
03_convergence_figs.R: MCMC iteration convergence runs for Figures 2 and 4.
04_section6_glmm.R: Poisson GLMM evaluation across INLA strategies (Table 5).
05_stress_tests.R: Low-count Poisson (S1) and sparse binary (S2) stress tests (Table 7).
generate_figures.R: Script generating all updated vector figures in apppic/.

.github/workflows/reproduce.yml: Continuous integration workflow for Ubuntu x86 64
and macOS.

results/: Directory containing all generated CSV result tables and seed logs.

logs/: Directory containing session info logs.
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